Abstract. We introduce natural complex structures on the Teichmül-ler space of bordered Riemann surfaces. The general case follows from the situation of one closed geodesic γ on a Riemann surface X of genus p with n punctures. It cuts the surface into a (possibly non-connected) Riemann surface X ′ with two boundary components. Using the method of geodesic integration we prove our main theorem, which states that the subspace T
γ a,ι , ι ∈ R which are smooth complex hypersurfaces of Tp,n. The leaves are perpendicular to McMullen's earthquake disks, and the additive group (R, +) acts as a group of symplectomorphisms with respect to the Fenchel-Nielsen structure on T γ a sending a leaf to a leaf, mapping a marked, bordered Riemann surface to an isomorphic object. The action descends to an action of S 1 on the moduli space. Each of these complex leaves carries a Weil-Petersson metric, whose symplectic form equals the Fenchel-Nielsen form. By cutting down a certain number of such leaves one arrives at the space of bordered Riemann surfaces, equipped with a holomorphic structure. There exists a continuous family of such structures, which are symplectomorphic with respect to the Fenchel-Nielsen forms. Again, each of these complex manifolds carries a Weil-Petersson form, which coincides with the Fenchel-Nielsen structure.
Teichmüller theory reflects the variation of both complex and geometric structures on Riemann surfaces. One link between the deformation theoretic standpoint and hyperbolic geometry had been proposed in 1958 by André Weil in [WE] . He suggested to consider the L 2 -inner product induced by a metric of constant negative curvature, to the harmonic representatives of Kodaira-Spencer classes, thus providing a Kähler form on the Teichmüller and moduli spaces, which is known as Weil-Petersson form. Still more on the geometric side is the Fenchel-Nielsen structure: The length of closed geodesics and the twist parameters define real analytic coordinates on the Teichmüller space. Beginning 1982 Wolpert investigated the relationship of these seemingly only loosely related structures. In particular, he showed that the standard symplectic form ω F N = − dτ i ∧ dℓ i in terms of FenchelNielsen coordinates actually coincides with the Weil-Petersson form ω W P . In the sequence papers [WO1, WO2, WO3] he also investigated the arithmetic aspect. We also realize an increasing influence of the analytic and algebraic theory of moduli spaces of higher dimensional varieties. The study of complex earthquakes was introduced by McMullen [Mc] . These constitute another interface between the complex and geometric aspects of Teichmüller space. Where real earthquakes include the classical Fenchel-Nielsen twist deformations around simple closed hyperbolic geodesics, complex earthquakes define holomorphic disks in Teichmüller space allowing for a more geometric point of view taken in our approach. Volumes of moduli spaces with respect to the Weil-Petersson form can be understood as certain intersection numbers and play an important role in the approach to moduli spaces from the viewpoint of algebraic geometry. More recently the Teichmüller and moduli spaces of bordered Riemann surfaces gained special attention from the work of Mirzakhani [MI] , who computed the volume of the moduli space with respect to the Fenchel-Nielsen symplectic form.
The initial question underlying this article was to introduce a natural complex structure on the Teichmüller and moduli spaces of bordered Riemann surfaces, to introduce a general Weil-Petersson form as a Kähler form on these, and to identify the respective symplectic forms.
More generally we consider the Teichmüller space of compact Riemann surfaces equipped with Fenchel-Nielsen coordinates. Let γ be the free homotopy class of a closed curve giving rise to a length coordinate ℓ γ and a twist parameter τ γ . According to [A-S] , the first variation of the length coordinate with respect to a holomorphic parameter is half the integral of the corresponding harmonic Beltrami differential along the closed geodesic γ, whereas the dual of the variation of the twist parameter applied to a holomorphic quadratic differential ϕ is given by the path integral of ϕ along γ. We will prove the following fact. By a repeated application of this process we arrive at the Teichmüller space of general bordered Riemann surfaces: Fixing a certain number k of (disjoint) closed geodesics, we construct continuously many complex submanifolds of complex codimension k, carrying Weil-Petersson forms, which again are symplectomorphic with respect to the Fenchel-Nielsen/Weil-Petersson structures.
Main
Conversely, given a bordered hyperbolic Riemann surface, it is possible to attach to each boundary component a "rigid" bordered surface, e.g. a torus with one boundary component and an additional fixed closed geodesic. In this way the usual Teichmüller space of bordered Riemann surfaces can be identified with a Teichmüller space of Riemann surfaces, where the lengths of certain closed geodesics are kept fixed (and the corresponding twist parameters are arbitrary).
The underlying differentiable manifold is the usual We show that these spaces are closed under the Lie bracket yielding the foliation into complex submanifolds. Finally one can see that the map from such a leaf to the Teichmüller space of bordered Riemann surfaces is a homeomorphism.
If we specify only one closed geodesic γ, there is the associated geodesic length function ℓ γ available, and through any point s ∈ T p,n there exists a real curve (defined for all real parameters), whose tangent vector field along the curve is the twist vector field ∂/∂τ γ .
One can see that the above vector spaces are equal to
where the orthogonal complement is taken with respect to the Weil-Petersson inner product. We see that the geodesic length and twist parameters play different roles, when only the corresponding closed geodesic γ is fixed, and not a whole pants decomposition of the Riemann surface is given. For any point s 0 of the Teichmüller space, the earthquake path associated to γ through this point defines a real curve, whose tangent vector at s 0 is the infinitesimal twist ∂/∂τ , a certain Beltrami differential on the corresponding Riemann surface [T] . On the other hand, the geodesic length ℓ γ of γ is a differential function on the Teichmüller space.
By [Mc, Theorem 8.4] we finally know that
where ∂/∂gr γ stands for the grafting tangent vector associated to γ.
Observe that ∂/∂τ γ is in general not equal to the Weil-Petersson gradient ∇τ γ (which is meaningful after making τ γ part of a system of Fenchel-Nielsen coordinates). For the latter (∇τ γ ) ⊥ = ker(dτ γ ). So in general we cannot say that a coordinate function τ γ is constant on the leaves of our foliation.
It would still appear reasonable to just fix the twist parameter along with the length parameter of a closed geodesic. However, an example, due to Curtis McMullen shows that these conditions do not determine a complex structure on the Teichmüller space. In fact we see that only the pair consisting of the twist and the grafting parameter give rise to a holomorphic coordinate, whereas we need to fix the length parameter. It seems to be open, which explicit geometric structure J(dℓ γ ) arises from. For this reason, we need to use the Frobenius theorem.
Once the complex structure is established, we can draw various conclusions, in particular, we see equality of the Weil-Petersson and FenchelNielsen symplectic forms. Also, we have the usual formula for the curvature of the Weil-Petersson form (yielding the hyperbolicity of the Teichmüller space of bordered Riemann surfaces), and we know that on the moduli space, the Weil-Petersson form is essentially the curvature form of a positive line bundle.
We observe that in the moduli spaces of a Riemann surface the complex codimension one leaves converge with ℓ → 0 to irreducible components of the compactifying divisors.
Geodesic loop integrals
In the spirit of methods from the theory of deformations of compact complex manifolds [F-K] , an attempt was made in [A-S] to understand the relationship of the Weil-Petersson and Fenchel-Nielsen forms in a purely geometric way. We recall the two main results from [A-S]. The study of closed geodesics in holomorphic families of compact, canonically polarized manifolds implied a close relationship between the variation of the FenchelNielsen length coordinates with respect to holomorphic coordinates and path integrals of harmonic Beltrami differentials along closed geodesics.
Integrals of tensors along closed curves in general depend upon the parameterization. We use the following notation. Let X be a compact or punctured Riemann surface equipped with a complete hyperbolic metric g such that g = g(z)dzdz in terms of holomorphic coordinates. We assume that g is of constant negative (Ricci) curvature equal to −1, i.e. ∂ 2 log g(z)/∂z∂z = g(z).
We denote by Γ the Christoffel symbol Γ(z) = ∂ log g(z)/∂z so that the equation for a geodesic u(t) readsü(t)+Γ(u(t))u(t)u(t) = 0. For a closed geodesic γ of length ℓ say, we use a parameterization with u 2 = g(u(t))|u(t)| 2 = 1.
Given any tensor on X, e.g. a Beltrami differential
we define
or given a quadratic differential ϕ = ϕ(z)dz 2 , we define
Let T p,n be the Teichmüller space of Riemann surfaces of genus p with n punctures and let f : X p,n → T p,n be the universal family of punctured Riemann surfaces or f : X → T for short where the fiber f −1 (s), s ∈ T is the Riemann surface whose complex structure is given by s. We fix a differentiable family of closed geodesics γ(s) on the fibers. Then the geodesic length function is defined ℓ γ : T p,n → (0, ∞), and for any given fixed s ∈ T p,n we denote by τ γ (t) = τ γ (t, s) the differentiable curve through s given by the twist around γ(s), i.e. an earthquake along γ(s). The tangent vector to the curve at s will be denoted by ∂/∂τ γ (s). 
In the above formula the dependence of the complex structure of the base parameter is the crucial point. Actually, the above theorem is a special case of the computation of the first variation of the length of closed geodesics in a family of canonically polarized varieties equipped with the family of Kähler metrics of constant negative Ricci curvature according to Yau's theorem.
We interpret twist coordinates from the viewpoint of deformation theory of compact complex manifolds. Here, we determine an infinitesimal twist, evaluated on the complex cotangent space.
Theorem 2 ([A-S, Thm. 1.2]). The tangent vector ∂/∂τ γ | s applied to a quadratic holomorphic differential ϕ = ϕ(z)dz 2 is given by the integral of the quadratic differential along the corresponding closed geodesic.
Observe that in the above duality a real tangent vector is applied to a complex cotangent vector.
In terms of the Weil-Petersson inner product formula (2) reads
The statements of Theorem 1 and Theorem 2 are also valid for weighted punctured Riemann surfaces, and also for bordered Riemann surfaces, once we know the existence of a complex structure.
In the classical case of punctured Riemann surfaces, where the equivalence of the Weil-Petersson and Fenchel-Nielsen structures is known by Wolpert's theorem, both theorems are related by the following formulas, which were known in the classical case [WO1] :
The first formula (4) follows from the above theorems 1 and 2, whereas the second (5) requires ω F N = ω W P . The latter is being proved in our case, where the uniformization theorem and group theory are not available.
Foliations of Teichmüller spaces into complex submanifolds
Let X be a complete hyperbolic Riemann surface of genus p with n punctures and γ a fixed, simple, closed geodesic. We consider the corresponding Teichmüller family f : X → T with T = T p,n . Then γ gives rise to a differentiable family γ(s) of closed geodesics on the fibers X s for s ∈ T . Let ℓ γ : T → (0, ∞) be the length function. Then
is a smooth, real analytic hypersurface. Let a point s of T γ a correspond to a hyperbolic surface X. We know from Theorem 1 that the (real) tangent space of T γ a at s equals
where we write real tangent vectors of T p,n as µ + µ for a harmonic Beltrami differential µ on X.
Let J denote the complex structure on the Teichmüller space T p,n .
Now we consider the maximal complex subspaces
a . In order to prove Theorem 3, we prove the following proposition.
Proposition 1. The distribution
Proof. Let v = v(s) and w = w(s) be differentiable vector fields with values in {L s }. We pick local holomorphic coordinates (s 1 , . . . , s N ) on T p,n and write 
By Theorem 1 this quantity equals
Now Frobenius' theorem is applicable and yields that the distribution {L s } is integrable.
We denote by L γ a,ι , ι ∈ I the leaves of the resulting foliation. We will see later that we can take the real numbers as index set.
Our Theorem 3 now follows from the fact that an almost complex submanifold Y of a complex manifold Z is actually a complex submanifold.
For the convenience of the reader we indicate the argument: Let J denote the complex structure of Z, which restricts to a complex structure on Y. Finally in this section we show that every flow line intersects each leaf. Let (ℓ 1 , τ 1 , . . . , ℓ N , τ N ) be Fenchel-Nielsen coordinates, where γ = γ 1 is part of the corresponding pants decomposition. Then T In the next section, we will show that these are global coordinates and that for given a all leaves L γ a,ι are symplectomorphic.
Teichmüller spaces of bordered Riemann surfacesfirst case
We consider the Teichmüller spaces of bordered Riemann surfaces, which arise from cutting one (punctured) surface along a simple closed geodesic γ. The formal definition is the space of isotopy classes of hyperbolic metrics with geodesic boundaries, whose lengths are being fixed. It is well-known that the bordered Teichmüller space is homeomorphic to an open ball in some Euclidean space. So if the length of the boundary is fixed to be a, one can obtain a natural map from a leaf L 
We denote by T γ a /Z the quotient by the subgroup of the Teichmüller modular group, which is generated by the Dehn twist D γ a , and let R → S 1 be given by a ∼ 0. Now the map Φ induces a natural map Φ :
which is a diffeomorphism with respect to the naturally induced quotient topology and differentiable structures. We can identify the index set I with R.
So far, by the previous results, we have an action of the group (R, +) as group of twists on the foliation F γ a = {L γ a,ι ; ι ∈ R} for fixed length a of γ. Also, the group acts in a holomorphic way on all geodesic discs. Since the Teichmüller modular group is discrete, the twists do not act holomorphically on the Teichmüller space, and it cannot be expected that the twist operators map leaves to leaves in a biholomorphic way. So far the real hypersurface T γ a ⊂ T p,n is foliated in holomorphic leaves L γ a,ι . We restrict the universal family to such a leaf L say and get a family X L → L. This corresponds to the universal family over a Teichmüller space of bordered surfaces, where the complex structure of the Teichmüller space depends on ι ∈ [0, a).
We know from Mirzakhani's work [MI] that the moduli space of bordered Riemann surfaces possesses Fenchel-Nielsen coordinates with volumes being defined in terms of the symplectic structure.
In our case, again we make γ = γ 1 part of a pants decomposition γ 1 , . . . , γ N of X. Since ℓ γ is constant on any leaf L Here, by definition, isotopies leave invariant each boundary component as a set, i.e. the isotopies need not be the identity on the boundary components. It is easy to see that T b is homeomorphic to R N >0 × R N , where N is the maximum number of closed geodesics that decompose X into pairs of pants. Here we present a method to provide T b with a continuous family of natural complex structures, which are compatible with the known Fenchel-Nielsen coordinates.
We begin with the observation that a pair of pants is rigid as a bordered Riemann surface. If two lengths of boundaries are equal, we can identify it with a torus that has one boundary component and one fixed closed geodesic (in the above sense).
Given a bordered Riemann surface, we attach to any boundary component one such torus with matching length of the boundary and interpret the resulting surface as a surface with two closed geodesics being fixed. In this way the number k of boundary components is replaced by a number of 2k fixed closed geodesics on punctured Riemann surfaces in the above sense, whereas the genus of the resulting surfaces equals p + k. This fact is obvious: The attached rigid object is part of a pants decomposition of the constructed borderless surface, and the corresponding length parameters are constant. Now we introduce the intersections of the complex hypersurface foliations. Define Proof. We consider any leaf L = L γ 1 ,...,γ 2k a 1 ,...,a 2k ,ι 1 ,...,ι 2k ⊂ T p+k,m , and we equip L with the induced Weil-Petersson structure.
Observe that the tangent space of the leaves was introduced as
The harmonic Beltrami differentials are defined on the bordered Riemann surface with rigid bordered handles attached. They are defined by the condition that the geodesic loop integrals over the distinguished closed geodesics γ j vanish. In this sense the Weil-Petersson inner product is an integral over the borderless Riemann surface. Now both, the Weil-Petersson and the Fenchel-Nielsen structures on L are inherited from the ambient space. 
Moduli spaces of bordered Riemann surfaces
The moduli space M b of bordered Riemann surfaces is a quotient of T b by the appropriate modular group Γ b , which consists of all isotopy classes of homeomorphisms of a corresponding bordered Riemann surface X b that leave invariant each boundary component as a set. The group Γ b acts on M b in a holomorphic way with finite isotropy groups.
Once we identified T b with a leaf L γ 1 ,...,γ 2k a 1 ,...,a 2k ,ι 1 ,...,ι 2k it has a well-defined complex structure together with a Weil-Petersson Kähler form. Proof. We use the fact that the mapping class group Γ b is generated by Dehn twists along simple closed curves β which do not intersect the boundary components. So it suffices to show the invariance of our symplectic form ω F N under such a Dehn twist. Given such a curve β, we make it part of a pants decomposition and consider the associated Fenchel-Nielsen symplectic form, which is clearly invariant under the Dehn twist.
We emphasize that the computations of the volume of moduli spaces of bordered Riemann surfaces based upon the Fenchel-Nielsen symplectic structure due to Mirzakhani [MI] apply to our complex moduli spaces. .
Further applications
Once A differential geometric proof of the above statements is contained in [SIU] and [SCH1] .
Moreover we mention the strongly negative curvature in the sense of Siu, which also holds on the spaces T p,n and T γ c following [SCH1] . Using the index theorem by Bismut, Gillet and Soulé, together with Wolpert's fiber integral formula for ω W P applied to the determinant line bundle of the relative canonical bundle Zograf and Takhtadzhyan showed the following fact.
Theorem 9 (Zograf-Takhtadzhyan [Z-T]). The Weil-Petersson form is the curvature form of a line bundle λ equipped with a Quillen metric.
For further details and the generalization to higher dimensions cf. [F-S] . Also the known estimates for the Weil-Petersson form and its curvature tensor towards the compactifying divisor hold (cf. [SCH1] ).
